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ABSTRACT 



Abstract 



We derive the partition functions of the Schwarz-type four-dimensional topological 
half-flat 2-form gravity model on iT3-surface or T 4 up to on-shell one-loop corrections. 
In this model the bosonic moduli spaces describe an equivalent class of a trio of the 
Einstein-Kahler forms ( the hyperkahler forms ). The integrand of the partition function 
is represented by the product of some d-torsions. 5-torsion is the extension of R-torsion 
for the de Rham complex to that for the d -complex of a complex analytic manifold. 



Introduction 

Recently, Witten gave some gravitational versions of topological quantum field the- 
ories These theories are important as the effective theories of the ordinal gravity 
theories. For example, he pointed out the relation between the two-dimensional topolog- 
ical gravity models and the string theory pj. He also gave four-dimensional topological 
Yang-Mills theories with N = 4 or N = 2 twisted supersymmetry whose partition func- 
tion is conjectured to satisfy S-duality ||. These observations seem to be necessary to 
obtain the non-perturbative effects of the string theories or the gravity theories. 

Since the work of Witten, there have been several attempts to construct four- 
dimensional topological gravity theories over different kind of the gravitational moduli 
spaces §-§. 

There two types of models have been proposed for the four-dimensional half-flat 2- 
form topological gravity. (A) Witten-type topological gravity model, which was given 
by Kunitomo || and (B) Schwarz-type || topological gravity model 0, The bases 



of their formalism are given by ref. || [Hj, [Tljj . The interesting relation between the 
half- flat gravity and 2-dim. conformal field theory is investigated by Park [12|. In 
the previous paper we showed that by taking the suitable gauge fixing condition and 
the limit of the coupling constant for (B), the bosonic part of the moduli spaces of (B) 
coincides with that of (A). These moduli spaces are those of the Einstein Kahlerian 
manifolds with vanishing real first Chern class |||. 

The purpose of this paper is to examine the partition function of the Schwarz-type 
model and to know whether its integrand is represented by the R-torsion or the 5-torsion 
| J23| [] up to on-shell one- loop corrections. We concentrate our attention for i^3-surface 
and T 4 cases only. Thus the action reduces to the Abelian BF-type model with the 
special gauge fixing conditions, which we call the diffeo. BF-type model. Their moduli 
spaces are identified with the deformation of a trio of the Einstein-Kahler forms ( the 
hyperkahler forms ) which is related to the Plebansky's heavenly equations [JDJ. 

The extension of the algebraic curve with Einstein metric to the four dimensional 
cases may be the algebraic surfaces with Einstein metrics. T 4 and K3 surface belong 
to the algebraic surfaces and we regard these models as the simple examples that treat 
the algebraic surfaces. 

As another aspect, there have been discovered rich type of non-compact gravitational 



instantons (i.e. ALE [16] or ALF ||17| ) which satisfies these equations. In this paper, 
we will treat the compact manifolds only. In the near future, we will extend our 
investigation to non-compact case. 

Furthermore, the N = 1 or N = 2 supersymmetric extensions of chiral 2-form 
gravity model are given by || |i~8[| . The supersymmetric extension of our model by 
using them would be a toy model for researching the moduli spaces of the compactified 
string theory . 



1 There have been already several results about renormalization of non-abelian BF-type model in the 
Landau gauge or the covariant gauge Ji"3[ Our gauge fixing condition is different from them. Ours are 
introduced to specify 2-form fields as the pre- metric field ( or as the hyperkahler forms at last). Thus our 
model is different from their model. 

2 "BF-type" means that the action consists of Lie algebra valued field strength F -field and Lie algebra 
valued 2-form B. 
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The four-dimensional topological half-flat 2-form gravity models 

The Schwarz-type 2-form gravity action reduces to the Abelian BF-type action |j] 
with our gauge fixing condition which we introduce later: 

S v ed - = lim - [ H k A d7r k , (1) 
a^o a 7m 4 

where M4 is a four dimensional manifold and we consider only M4 = K3 or T 4 . a is 
a dimensionless parameter and k = 1,2,3. We restrict this model as the gravitational 
one. 

7Tfc and Sfc are self-adjoint 1-form and 2-form fields. Their deformations are (2K(BO)* 
valued 1-form and (2K © O)* valued 2-form 0, where O is a trivial bundle and K is 
a canonical line bundle on M4. They are both independent on the spin connections 
0. This action is proper for M4 = K3 or T 4 with our gauge fixing conditions. The 
reason is that the canonical bundles K and Pu(i) (the principal U{\) bundle that 
comes from Pu{2) °f oriented orthonormal frames ) are trivial on X3-surface or T 4 . 
Thus the reductions of Pjj{2) °f oriented orthonormal frames are possible when they 
have Einstein-Kahler metrics on them. Therefore the chiral part of the local Lorenz 
symmetry of U(1)r disappears in the definition of the moduli space. These manifolds 
are called hyper-Kahlerian |19| . Thus fundamental fields in this model are a trio of 
2-form E fc = Y^^dx^ A dx u . The symmetries of this model are the diffeomorphism and 
the redundant symmetry (p-form symmetry) because the action is an Abelian BF-type 
one. 

5 B Y k = <5 diffco £ fc + # fc , 5 B 7T k = 5 diSeo 7T k + dU k , (2) 

where <p k is a fermionic field with (2K (BO)* valued 1-form and H K is a fermionic field 
with (2K © O)* valued 0-form. The moduli space of this model depends on the gauge 
fixing conditions which we take. 

We set the following gauge fixing conditions to fix the p-form symmetries modulo 
diffeomorphism and make E fc as the pre-metric fields. 

t.f.^i A S j = s (i A S j) _ l^.^fc A Sfc = Q ^ 

From this, S fe comes from a vierbein e a = e^dx^ P] : 

S fc (e) = -f] k b e a A e b oc g a - p jf dz a A dz\ (4) 

where fj l ab is the t'Hooft's //-symbol |20|| . {S fc (e)} has 13 degrees of freedom. {J k } 
represents three almost complex structures which satisfies the quaternionic relations 
and g a p is an hermite symmetric metric. One of equation of motion is given by 

dS fc = . (5) 
Eq. (3) and eq. (5) get S fc to be the Einstein-Kahler forms (hyper-Kahler forms). 

The moduli space is the equivalent class of a trio of the Einstein-Kahler forms (the 
hyperkahler forms) {S fc (e)} ||. 



3 In this action, we use that (2K © O) <g> A 3 = (2K © O)* © A 1 = (2K © O) © A 1 . It comes from the fact 
that K is trivial on K3 and T 4 . 

4 We slightly change the model in M such as 7^ is independent on the spin connections. 
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The gauge fixing conditions for the BRST quantization 

We discuss about the partition function of the Schwarz-type model on K3 or T 4 . 
The BRST symmetry ^ and the action is given by Q. This action is invariant under 
the diffeomorphism transformations and the p-form symmetry. These transformations 
are invariant under the modified redundant diffeomorphism and the redundant p-form 
symmetry transformations of them on-shell. Thus the symmetries of this model on-shell 

• ; ; li diffcoxp— form sym, 

IS mterpreiaDie as mo difi d red. diffeo.xred. p-form sym.- 

The diffeomorphism transformation is represented by the Lie derivative. Let C de- 
note the Lie derivative and c denotes a ghost field of the diffeomorphism ; C c T, k = 
i(c)dT, k + di(c)T, k where i(c) is the dual operator of the exterior product e(c) by c. Its 
adjoint operator is given by £*E fc = e(c)5S fc + 5e(c)T, k , which we use for the diffeomor- 
phism gauge fixing condition. 5 = —*d* is the interior derivative. In the above equation, 
* denotes the Hodge star dual operation and O* = — * O* is the adjoint operator of 
O. We define the inner products of two differential forms v and w E (2K © O) <g> A* by 
(v, w) = tr J M y/gv^ '^w^...^ * 1, where * 1 = y/gdxi A dx2 A dx% A dx4 The adjoint 
operators are defined via (v,Dw) = (D*v,w) 

The transformation of the modified redundant diffeomorphism transformation is 
given by £ 7 = £^7^, where 7 is a ghost field of the modified redundant diffeomor- 
phism H|. We take L* k fa = T, k A fa = as the modified red. diffeo. gauge fix. condi- 
tions. 

The p-form symmetry for the fundamental field is given already. There exist other 
p-form symmetry and the redundant p-form symmetry such as 5b ^k = dllk {&B * 71-4 = 
5 * it 1 ) and bs^k = do^k due to d8B^ k = d 2 ir k = and dbs^> k = d 2 a k = 0. To fix 
these symmetries, we set 5i:k = and 5 fa = 0. 

The gauge fixing conditions of these symmetries or the equations of motion are 
summarized as follows, where the number of degrees of freedom is given in parentheses : 

diffeo. gauge fix. condi. red. diffeo. gauge fix. condi. 

D* 1B E k = C k c *H k = (4), D* F fa = £ k *fa = (4), 

p — form, sym./diff. p — form sym. /mod. red. diff. 
gauge fix. condi. or eq. of mot. gauge fix. condi. or eq.of mot. 

D 2B T, k = dT, k = (9), D* 0F fa = 5<p k = (4), 

D 2B ^k = *' f '^ AS* = (5), Diptf = tX E* A d<\? = (5), 
p — form sym. gauge fix. cond. or eq. of mot. 
D* B = 57T k = (3), 
D 4B = dn k = (9). 



We use the decomposition T, J = Sq + Sj. to calculate of the partition function where 

Sq is a back ground solution of the equations of motions and the gauge fixing conditions. 
[] Furthermore we assume that Ej- satisfies the linearized equation derived from eq. @ 

J f 

This assumption also leads to tif -£ l a dcj^ = 0. 



so that TP* represents the deformations of the metric and almost complex structures. 



5 We would not do the off-shell extensions of these symmetries in this paper since the changes caused by 
the off-shell extensions would only work as the higher order terms. 

6 We introduce the condition A E J = as a argument of 6— function so keeps this condition. 
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The quantum action S q is given by S q = 5g ed + Sg.f. ; 

S g .t = f S B {cC* c k Z kf - \ k 5fa - jCl k cf> k + fj k 5ir k } * 1 + S B W j U ^ A E*'}, (6) 

where 7r iJI is a N-L field, c and 7 are anti ghost for the diffeomorphism and the redundant 
diffeomorphism transformation. We are now ready to evaluate the partition function : 

Z = JvX(-S q ), (7) 

where VX represents the path integral over the fields S^, ghosts, anti-ghosts and N-L 
fields. In general, these fields contain zero modes and non-zero modes. 
The laplacians of the BRST cohomologies 

We introduce the following deformation complexes. The zero modes are the elements 
of these cohomology groups of the complexes. We can easily check the ellipticity of the 
deformation complexes. We may then define the cohomology group. 

W = Ker A/Im A-i = KerA;. (8) 

(i) The deformation complex of the bosonic part : 

V 1B = fi 1 - 1 3 c, (9) 
V 2B = (2K © O)* © A 2 3 £}, 

V 3B = {(2K © 2K m © O)* © A 4 } © {{2K © O)* © A 3 } 3 (*ir\ *ir ij ), 

v 4B = (2K®oy © a 4 3 *ir. 

°^ C°°(V 1B ) D ± B C°°(V 2B ) C°°(V 3B ) °^ C°°(V 4B ) % B 0. (10) 
Dq B and D 4B are identically zero operators. 



D 2B 
D 3B 



Vi B ^V 2B , X l f = D lB c = D lC = £ c X, (11) 
V 2B - V 3B , (*7r\ *7r ij ') = Z>2bS> = (A>S), = *' f " s< A 

V3B -»■ V4B, * IT = Z?3B7T l = -D3 * IT 1 = d* IT 1 . 



(ii) The deformation complex of the fermionic part : 

V 0F ={(2KffiO)*©A°}ffifi 1 ' 1 9 (^,7), (12) 
Vi F = (2K © O)* © A 1 9 (0*), 

y 2F = {(2K © 2i^ 2 © O)* © A 4 } © {(2if © O)* © A 2 } 3 (* X ij )- 

D 4 F c°°(v 0F ) D -^ F c°°(v 1F ) D ± F c°°(y 2F ) ^ 0. (13) 

D-if and L>2F are identically zero operators. 

D 0F : Vb -► Vi, </>' = D 0F (a\ 7 u ) = A)« + A)7 = da* + Y^„dx u , (14) 
Dif :Vi^y 2 , * X ii = D 1F <f> i = D 1 <f> i = t - t -i: i Ad^, 

where Di = d (for i = 0---3), D\ = Lie derivative, Dq = modified Lie derivative, 
D 2 = t,f 'SA, and D\ = t,f 'S A d. The laplacians are given by 

{A) Aib = D\D X |s=s ~ Ai - Ai )0 + A ,i, (15) 

(B) A 2B = {D 1 Dl © 5d} |,/. sf)A&=0 , 

(C) A 3B = cW © W © £>2 A> ~ A (2K eo)*®A 3 ~ 3Ai, + 3A 0) i, 

(D) A 4B = d<5 ~ A( 2 ,ft- e o)*<g)A4 ~ 2 Ao,2 + A ,o, 
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(E) A 0F = 6d® D* D |s=s ~ A (2i ^ eO) , 0Ao ~ 2A , 2 + A , , (16) 

(F) A\f = {d6 + D D* } |t. f . S i A£ ^ =0 , 

(G) A 2F = DiD{ ~ A( 2 ^02ii-<»2 eO )* ( g )A4 ~ 2A 2 ,o + 3A ,o 

where A, = + and DJUi = DJZJi £>*£>i etc. These laplacians 

contain only the back ground field So- For example, the adjoint operator of D\p an d 
b 2B are given by D^a^ = tr^d) ^ Tp] , D&a^ = tr^Vf^. Some 
useful expressions about Sq are given by 

£ *X TP = 2P^/ T = 2{§8$ - \e^)^ p ^ = ^n^. (17) 

Aj denotes the de Rham laplacian which operates on i-form. We explain how to obtain 
each laplacians in short. 

(A) ; Aib reduces to the de Rham laplacian Ai by using the killing equation and 
the Rich flatness via <? M!/ (£o)- 

(C) , (E) ; In these cases, zero modes of A^b^of) are direct sum of two parts 
A (2^eo)*®A 3 ( A (2^eo)*c>3Ao) and D^D 2 (DoD ). D 2 D 2 and DqDq) become constant 
number by the property of So- So their zero modes are and do not contribute to the 
zero modes of the laplacians. A$b and Aqf reduce to the Dolbeault laplacians. 

(G) ; D\D\ reduces to A(2k®2K® 2 ®o)*®a 4 by substituting So- Their zero modes 
are (2K © 2K® 2 © O)* bundle valued harmonic 4-forms. 

(D) ; A45 is A(2x®o)*ig>A 4 - Their zero modes are {2K®0)* bundle valued harmonic 
4-forms. 

(B) , (F) ; In these cases, the situations are more complicated. From the gauge 
fixing conditions and the equations of motion, <5Xq = and d(j) k = can be derived in 
addition to dH k = 5<fi k = 0. So the zero modes of A 2 b and A\p are at least the zero 
modes of Aj. We cannot derive the explicit form of A 2 b and A\p since *- f -S fc A £* = 
and t - f S fc A dcj) 1 = restrict the zero modes in the complicated way. However, we can 
discuss about the Seeley's coefficients for A 2 b and A\p later. 

The dimensions of the moduli spaces 

The dimensions of H l are finite and represented by h l . H 2 b {H\f) is exactly iden- 
tical with T(7W(S)) (7~(.M ((/>))) which is the tangent space of moduli space «M(S) 
{Mm : 

T{M{T)) = G (2K © Of ® A 2 , D 2B T,) = 0}/diffeo. . (18) 

T(M((j))) = {<f) k \(l> k e {2K © O)* © A 1 ,Dipcf) k = 0}/mod. red. diffeo.. (19) 

The dimensions of the moduli spaces of .M(X) || and (A4(<^))n are given by as 
follows by the Atiyah-Singer index theorem pl| , 

Index of eq. (19) = Y,f =0 (-iyh B (20) 

J Mi e(TM 4 ) ^ 
= 2x + 7r^2 X -7|r|, 
7 We thank T. Ucno since he did some similar calculations about the fermionic moduli. 



6 



Index of eq. (22) 



Sf =0 ( 



(21) 



td(TM 4 ® C) 



M 4 e(TM 4 ) 
5x + 7r 5x - 



n=0 



7 I r 



where ch, e and td are the Chern character, Euler class and Todd class of the various 
vector bundles involved. The index is determined by the Euler number x = Jm 4 x i x 2 
and Hirzebruch signature r = J M x i+ x 2 _ x . denotes the first Chern classes of L- L or Lj. 
The dimension of the fermionic moduli space of this model is zero on K3 and non-zero 
on T while that of the bosonic moduli space is not zero on K3 and T 4 . 



dim. M(H) 
dim. M{<t>) 



= h 2 B = 2 X -7\r\+h 1 B + h%- 
with containing the scale factor, 
5 X - 7 | r | +h° F + h 2 F . 



h 4 



Bi 



h F 



h B = bi, h% = 3b\, h B = 3b , h° F = 3b , hp = 5b , 
where is the i-th Betti number. The result is summarized as follows; 



(22) 



(23) 





dim. M(E) 


dim. M(4>) 


X 


T 


bo 


h 


b 2 


K 3 


61 





24 


-16 


1 





20 




13 


8 








1 


4 
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Thus the bosonic moduli spaces agree with those of the Witten type model but the 

fermionic moduli spaces do not agree. 

The partition function up to one-loop corrections 

When expanded out by using the properties of 5 B H, the quantum action is given 

by 



B*TB t 
7 * A f7 
fj 



F*TF t 
- c * Aibc 



k * A^BTjk + A * AqfA + other higher order terms, 



(24) 



with some field redefinition. We integrate over non-zero modes. The Gaussian integrals 
over the commuting 7 — 7 and X k — sets of fields give det(Ao_F) _1 - While the anti- 
commuting sets of c - c and f) k — r/j. do det(Ai^) det(A4^). We integrate over the 



remaining B = (tt c , 
by taking detT = 

AA+i = . 



2), vr fc e^', ( 

det^ (T*T) (detf 



7r\) ) -system and F = {x 7 , <f> , Xij}~ system 
= det 2 (T*T) ) jn|] and using the nilpotency 



det(T*T)2 = {n 4 =1 det(A iB )}4, det(T*T): 



{n 2 



j=0 



det(A jF )}3. (25) 



The bosonic N-L fields are represented by n and the fermionic ones are by x- Their 
contributions do not cancel out each other. 
The partition function on leads to 



Z = I cf(zero modes) E [ 



,nf =0 detA 



— 4 



ntndetA iB 



{(detA li3 )(detA4B)} 
{(detAoF)} 



(26) 



The discussion of the integrand of the partition function 

By the results of the index theorem in eq. (22) and (23), we can derive the Seeley's 
coefficients for A\ F and A 2 b for on-shell by substituting the other contributions of 
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deRham Laplacians [22| and the Dolbeault laplacians. The index theorem gives as 
follows; 



J EjLiC-lJVAiB) = -§X lan-Bhdl (27) 
J S| =0 (— l) J 'aj(Ajjr) = — gX Ion-shell 

where a; (I = 0, 2,4) represents the Seeley's coefficient. The method of the (^-functional 
regularization is reviewed in the reference |i~3]| . We follow the notations of Gilkey [22] for 
the Seeley's coefficients. Prom the consideration before and ref. M about the laplacians 
A if and A2B, we can expect that 

A2B |on-shell= Ao<g>3Ai,i + ^*®A , 2 ~ + A 0j o, (28) 

Aif |on-shell= A(K®0)*®Ai ~ 2 A ,l + 2Ai )0 , (29) 

where Ajj represents the Dolbeault laplacians on form. The Dolbeault laplacians 
are defined as follows : The exterior differential spilts as 

d = d! + d" (30) 

where 

d> : -► V p+1 ' q , d" : V™ -> (31) 

V Pt q(M) denotes the space of of C°° complex (p,q) forms on M. Their adjoint operators 
are 

5' = - * d'* : V p ' q -> pf" 1 ' 9 , 6" = -*d"*:T> p > q ^V™- 1 . (32) 
Thus A Pi9 is given by 

A p>g = - (5V + d"5") : V p ' q (33) 

The Seeley's coefficients for Aif and A2B which are derived by the index theo- 
rem agree with those of the expected laplacians in eq. (29) on-shell 0. If we use 
Aif |on-sheii= 2Ai , we can deform Z as follows. 

r n 2 _ detA ( " 1)J 1 
Z |on-shcll= / d(zero modes) f^nr] 3 - ( 34 ) 

Furthermore, if we use both equations for A2B and Aif, then we can show that the 
physical degrees of the freedom of Z in the field theoretic sense 13] is zero, as expected 



from the property of the elliptic complex. Thus the phase space is finite and only zero 
modes work. 

Now we compare the Abelian BF-type model and the diffeo. BF-type model. The 
situation as there are no degrees of the freedom in the partition function is similar to 
that of the partition function of the Abelian BF- type model given by Schwarz |l3| . 
The result of the path-integral over the non-zero modes of the partition function (i.e., 
the integrand of the zero modes) for the Abelian BF-type model is given by the ratio of 
some determinants of the de Rham laplacians. (On-shell condition in this case means 
that the Abelian gauge field and the two-form field are both flat.) [^] . The ratio of these 
determinants is represented by the d = 4 R-torsion (i.e., some topological invariant). It 



On-shell conditions mean Riemannian half-flat so r | n-shell= f X |on-sheli= J (47r) 2 \R 
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becomes trivial for the compact even dimensional manifolds without boundaries when 



the cohomologies are trivial 13, 23]. 



In our case we show that the integrand of the partition function is represented by 
some 9-torsions. Both of n| =0 detA^ and n 4 =1 detA- B are reduced to as follows. 

(35) 



'(niodetAS-^V^ntodetA^^V^n^detAj- 1 ^ 
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A 0,i 



We introduce the definition of the 9-torsion by using the zeta function. The zeta 
function associated with the Laplacian A Pi9 is defined by 

1 f°° 

C P , q = / t s -hr(e tA ™ - P p , q )dt = S An<0 (-A n )- s , (36) 
i-[s) Jo 

for Re s large, the sum running over the non-zero eigenvalues X n of A pq . P pq is the 
projections of T> p,q onto the subspace of harmonic forms in T> p ' q . 

The definition of the 3-torsion is given by as follows : Let M be a compact complex 
analytic manifold without boundary, of complex dimension N, and let x be a finite 
dimensional unitary representation of the fundamental group %\{M). Suppose a Her- 
mitian metric is defined on M. For each integer p = 0, • • • N, the d-torsion is defined as 
the positive root of 

logT p (M, X ) = ^Sf = o(-l)VC(0,x), (37) 

where the zeta function Q p ^ q is defined by the above equation. 

The invariance theorem about 9-torsion p3| is that the ratio Tp(M, xi)/Tp(M, X2) 
is metric independent when M keeps some conditions, xi an d X2 are two representations 
of the fundamental group 7Ti(M). 

The another useful theorem for 9-torsion is as follows [23]: Let M be a closed Kahler 



manifold of complex dimension N, and x a finite dimensional unitary representation 
of the fundamental group tti(M). The d-torsion of M, defined for a Kahler metric, 
satisfies 

Ef =0 (-lflogT p (M,x) = 0. (38) 

This is because the above alternative sum becomes the R-torsion and vanishes since the 
real dimension of M is even. 

By using above theorems, the partition function becomes 

Z = J[T^M,x)T (M,x)} 2 , (39) 



where x 1S trivial. For the flat torus case, there is the theorem [23] that T P (M, %) = 1 for 
the complex dimension N of M > 1 case . Thus for T4, the integrand of the partition 
function is trivial. For K3, the fundamental group is trivial and the integrand of the 
partition function has the modular dependence. This result can be expected since the 
model is the topological gravity model and the integral of the partition function is over 
the moduli. In both cases, the integrand of the partition function has no divergence 
since all A Ptq has no contribution of zero modes. 

The partition function on T 4 is zero after the path-integral over the fermionic moduli 
4> since dim. M{4>) ^ 0. While on K3, the partition function does not vanish since 
the dimension of the fermionic moduli is zero. Our attempt is the extension of the 
Schwarz's model in Riemannian manifolds to the hyperkahler manifolds. If we can take 
the other gauge fixing conditions for the fermionic moduli, then these situations would 
be changed. To modify the moduli spaces to relate the compactified string theory, the 
addition of the fundamental field would be necessary. 
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